Oscillations in Cable-Stayed Bridges: Existence, Uniqueness, and Homogenization of Cable Systems  by Malı́k, Josef
Journal of Mathematical Analysis and Applications 266, 100–126 (2002)
doi:10.1006/jmaa.2001.7713, available online at http://www.idealibrary.com on
Oscillations in Cable-Stayed Bridges: Existence,
Uniqueness, and Homogenization of Cable Systems
Josef Mal´ık
Institute of Geonics of the Academy of Sciences, Studetska´ 1768,
708 00 Ostrava-Poruba, Czech Republic
E-mail: malik@ugn.cas.cz
Submitted by C. Eugene Wayne
Received February 6, 2001
1. INTRODUCTION
Because of economic efﬁciency and technological reasons, the cable-
stayed bridge has become frequent in spite of being virtually unknown
40 years ago. A basic type of cable-stayed bridge is depicted in Fig. 1.
More cable-stayed bridge constructions are presented in a monograph [15]
which mainly deals with technological aspects. The structure of cable-stayed
bridges resembles that of suspension bridges whose decks are suspended by
two rows of cable stays attached to the main cables stretched between the
pylons. Some models of suspension bridges have been studied in [1–4, 6,
8–10, 14].
In this paper we are going to study one model of cable-stayed bridge
which describes the behavior of the center span, the part of the deck
between the pylons. The motion of the center span is described by two
functions corresponding to the deﬂection and torsion of any cross section
of the center span. We are going to pay attention to the existence and the
uniqueness of the solution and its continuous dependence on data. During
the erection of cable-stayed bridges, the cable stays are stressed, which will
be included in our considerations. Let us notice that the cable stays are
modeled as non-linear strings, which means that the restoring force due
to a cable is such that it strongly resists expansion but does not restrict
compression. Moreover, we are going to deal with some homogenization
techniques which make it possible to replace the cable-stayed system with a
continuous medium. The number of cable stays in Fig. 1 is relatively small;
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FIGURE 1
these numbers are much larger in real constructions. Thus homogenization
techniques make easier the numerical approximation of such problems.
2. VARIATIONAL FORMULATIONS
The main goal of this chapter is to formulate one problem which repre-
sents the behavior of the center span suspended by two rows of cable stays.
This problem is depicted in Fig. 2.
Before writing down the variational equalities given in [12], let us men-
tion that these equalities were derived from the Hamilton variational princi-
ple in the linear theory of elasticity. The derivation is based on the following
hypotheses:
1. The central span is a homogeneous prism made of an orthotropic
material whose symmetry axes are parallel to x, y, z, as depicted in Fig. 2.
2. Any cross section Qx (see Fig. 2), perpendicular to the x axis,
remains perpendicular to the deformed x axis, which is only allowed to
move in the vertical direction. Moreover, the y, z axes, perpendicular to
each other before the deformation of any cross section, remain perpendic-
ular after the deformation (see Fig. 3).
Then the behavior of the structure depicted in Fig. 2 can be described
by ux t, ϕx t deﬁned on 0 L × 0 T . The function ux t corre-
sponds to the deﬂection of the x axis in the vertical direction, and ϕx t
corresponds to the turning of Qx around the x axis.
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FIGURE 2
Let us deﬁne the bilinear forms
u v =
∫ L
0
uv dx
m1u v =
∫ L
0
MV uv dx
m2ϕψ =
∫ L
0
MTϕψdx
k1u v =
∫ L
0
KV
∂2u
∂x2
∂2v
∂x2
dx
k2ϕψ =
∫ L
0
KT
∂ϕ
∂x
∂ψ
∂x
dx
FIGURE 3
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FIGURE 4
where MV , MT , KV , KT are constants which are given in [12] and generally
depend on the material properties and geometry of the prism representing
the center span. The forms m1 , m2  are connected with the kinetic
energy of vertical and torsional vibrations, while the forms k1 , k2 
correspond to the deformation energy of these movements.
Let us deﬁne another bilinear form connected with the deformation
energy of a single row of cable stays, as depicted in Fig. 4,
bu v =
8∑
i=1
kiuxi tvxi t
where the coefﬁcients ki depend on the length, the stiffness of the cable
stays attached to the center span in xi, and the angles between those cables
and the center span. The explicit shape of ki is as in [12]. The cables in
real constructions are stressed, which means that the length of these cables
is shortened such that the cables loosen if the center span is bent upward
by the value dx, as depicted in Fig. 4. Moreover, the cables behave like
non-linear strings, which means that the restoring force due to the cable
attached at xi is such that it resists expansion if the deﬂection of the center
span at xi in the upward direction is less than dxi, but does not resist
compression in the opposite case. Thus the deformation energy of the cable
system in Fig. 2 is
1
2bu+ lϕ+ d+ u+ lϕ+ d+ + 12bu− lϕ+ d+ u− lϕ+ d+
where u+ = max	0 u
. The symbol  + corresponds to the loosening of
cables. The center span is under the inﬂuence of the gravitational force and
the force of wind, which is described by FV x, PV x t, PT x t. These
functions are explicitly expressed in [12]. If we set F1x t = FV x +
PV x t, F2x t = PT x t, then the linear forms F1 v, F2 v corre-
spond to the energy of external forces connected with vertical and torsional
vibrations. The dynamic equilibrium of the system depicted in Fig. 2 is an
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extreme point of the functional
Juϕ =
∫ T
0
uϕdt
where
uϕ = 1
2
m1
(
∂u
∂t

∂u
∂t
)
− 1
2
k1u u +
1
2
m2
(
∂ϕ
∂t

∂ϕ
∂t
)
− 1
2
k2ϕϕ
− 1
2
bu+ lϕ+ d+ u+ lϕ+ d+
− 1
2
bu− lϕ+ d+ u− lϕ+ d+ + F1 u + F2 ϕ
The functional above is deﬁned on a set of sufﬁciently smooth functions on
0 L × 0 T . These functions satisfy the conditions
u0 t = uL t = ϕ0 t = ϕL t = 0 t ∈ 0 T 
ux 0 = µ0x ux T  = µ1x ϕx 0 = ν0x
ϕx T  = ν1x x ∈ 0 L
where µ0, ν1, ν0, ν1 are ﬁxed functions on 0 L.
Let us deﬁne the bilinear forms
δ1u v =
∫ L
0
V uv dx
δ2ϕψ =
∫ L
0
Tϕψdx
where V , T are the damping coefﬁcients for vertical and torsional
vibrations. Moreover, the forces induced by the wind can depend on
ϕ, as depicted in Fig. 5. Thus these forces have to be described by
FIGURE 5
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PV ϕ x t, PT ϕ x t. If we set F1ϕ x t = FV x + PV ϕ x t and
F2ϕ x t = PT ϕ x t, then the linear forms F1ϕ u, F2ϕ ψ
correspond to the energies of external forces.
Then the variational principle above yields the variational equalities
which can be generalized by adding the damping terms, and these equali-
ties read as
m1
(
∂2u
∂t2
 v
)
+ k1u v + δ1
(
∂u
∂t
 v
)
+ bu+ lϕ+ d+ v + bu− lϕ+ d+ v = F1ϕ v
m2
(
∂2ϕ
∂t2
 ψ
)
+ k2ϕψ + δ2
(
∂ϕ
∂t
ψ
)
+ lbu+ lϕ+ d+ ψ − lbu− lϕ+ d+ v = F2ϕ ψ
(2.1)
Functions u, v, ϕ, ψ deﬁned on 0 L × 0 T  satisfy the conditions
u0 t=uLT  = v0 t = 0 t ∈ 0 T 
ϕ0 t=ϕL t = ψ0 t = ψL t = 0 t ∈ 0 T 
ux 0=u0x
∂
∂t
ux 0 = u1x x ∈ 0 L
ϕx 0=ϕ0x
∂
∂t
ϕx 0 = ϕ1x x ∈ 0 L
(2.2)
where u0, u1, ϕ0, ϕ1 are ﬁxed functions representing the initial condition
for (2.1). The functions u, ψ are solutions to the problem above if the equa-
tions in (2.1) are fulﬁlled for any v, ψ satisfying (2.2). The strictly mathe-
matical formulation to this problem is given in the subsequent chapter.
3. PRELIMINARIES AND SETTING OF ONE BASIC PROBLEM
The main goal of this section is to give the strictly mathematical for-
mulation of the problem mentioned in the previous section. Let us recall
some results from the theory of distributions with values in a Banach space
V . If 0 T  is the space of test functions with the usual topology,
then distributions are linear continuous operators from 0 T  to V
with the weak topology, which means that if u 0 T  → V is a dis-
tribution and v ∈ V ∗, then vu 0 T  → R is a usual distribution
from ∗0 T , the space of usual distributions. The symbol ∗0 T  V 
denotes the space of V -valued distributions on 0 T . If u 0 T  → V
belongs to L10 T  V , which is the space of Bochner integrable func-
tions (see [5, 7]), we can deﬁne the expression
uϕ =
∫ T
0
uϕds(3.1)
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where ϕ ∈ 0 T . This expression belongs to ∗0 T  V , and the
transformation from L10 T  V  to ∗0 T  V  deﬁned by (3.1) is an
injective imbedding.
The derivation u′ of u is deﬁned as
u′ϕ = −uϕ′ ϕ ∈ 0 T 
and u′ ∈ ∗0 T  V  as well. A more thorough introduction to the theory
of vector valued distributions and related topics as well as the proof of the
following lemma can be found, for instance, in [5].
Lemma 3.1. If f ∈ L10 T  V  and its distributional derivative g
belongs to L10 T  V , then f ∈ C0 T  V , the space of continuous
functions from 0 T  to V . Moreover, the equality f t2 − f t1 =
∫ t2
t1
gtds
holds for any t1 t2 ∈ 0 T .
First of all, let us generalize the deﬁnitions of m1 , m2 , k1 ,
k2 , δ1 , δ2  by replacing the constants MV , MT , KV , KT , V ,
T with bounded measurable non-negative functions deﬁned on 0 L. We
will use the same symbols for these functions which satisfy the additional
assumptions
MV x ≥ ε MT x ≥ ε KV x ≥ ε KT x ≥ ε x ∈ 0 L(3.2)
where ε is a positive constant.
Let us denote
V1 = H100 L ∩H20 L V2 = H100 L
W1 = L20 L W2 = L20 L
where H100 L, H20 L are the Sobolev spaces formed by all func-
tions in L20 T , whose ﬁrst and second derivatives belong to L20 T .
Moreover, the expression u ∈ H100 L means that u0 = uL = 0. V1
and V2 are Hilbert spaces equipped with the scalar products
u vV1 =
∫ L
0
	uv + u′v′ + u′′v′′
dx ϕψV2 =
∫ L
0
	ϕψ+ ϕ′ψ′
dx
By virtue of the Poincare´ inequality (see [7]) there exists C > 0 such that
the inequalities
Cu2V1 ≤ k1u u C ϕ2V2 ≤ k2ϕϕ(3.3)
hold for any u ∈ V1, ϕ ∈ V2. The usual norms on W1W2 can be replaced
by the norms W1 W2 generated by the bilinear forms m1 , m2 ,
which is possible due to (3.3). The Hilbert spaces W1, W2 are isomorphi-
cally mapped on W ∗1 , W
∗
2 with the aid of the Riesz mappings generated
oscillations in cable-stayed bridges 107
by the scalar products m1 , m2 . This makes possible the following
imbeddings:
V1 ⊂ W1 ⊂ V ∗1  V2 ⊂ W2 ⊂ V ∗2 (3.4)
The bilinear form b  connected with cable systems is bounded on
both V1 and V2 because these spaces can be imbedded in C0 L and
these imbeddings are continuous (see [7]). Let L20 T X, where X
is a Hilbert space, denote the space of all Bochner measurable functions
f  0 T  → X satisfying
(∫ T
0
f s2X ds
) 1
2
= fL20 T X <∞
Let us recall that this is a Hilbert space equipped with the scalar product
∫ T
0
f s gsX ds
These facts together with the imbeddings (3.4) make possible the following
imbeddings:
L20 T  V1⊂L20 T W1 ⊂ L20 T  V ∗1 
L20 T  V2⊂L20 T W2 ⊂ L20 T  V ∗2 
(3.5)
The spaces above can be naturally imbedded in the spaces ∗0 T  V1,
∗0 T  V2, ∗0 T W1, ∗0 T W2, ∗0 T  V ∗1 , ∗0 T ,
V ∗2 .
Let us deﬁne the spaces
X1 =
{
u
∣∣u ∈ L20 T  V1 u′ ∈ L20 T W1}
X2 =
{
ϕ
∣∣ϕ ∈ L20 T  V2 ϕ′ ∈ L20 T W2}
where u′, ϕ′ are distributional derivatives in ∗0 T W1, ∗0 T W1.
We have applied the imbeddings (3.5) in the deﬁnitions of X1, X2.
Let us assume that the functions F1y x t, F2y x t deﬁned on R ×
0 L × 0 T  satisfy the Carathe´odory conditions
1. F1 F2 are continuous in y for almost every x t.
2. F1 F2 are measurable in x, t for all y.
Moreover, we assume that there exists gx t ∈ L20 L × 0 T 
such that
F1y x t ≤ gx t F2y x t ≤ gx t(3.6)
for every y ∈ R and almost every x ∈ 0 L, t ∈ 0 T .
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These assumptions guarantee that F1ϕx t x t, F2ϕx t x t
belong to L20 L × 0 T  for any measurable function ϕx t deﬁned
on 0 L × 0 T . If we consider the obvious fact that L20 L × 0 T 
can be identiﬁed with L20 T  L20 L, the inequalities (3.6), and
the imbeddings V1 ⊂ L20 L, V2 ⊂ L20 L, then the expressions
F1ϕ , F2ϕ  can be understood as elements of L20 T  V ∗1 ,
L20 T  V ∗2 , where the symbol “.” stands for any v ∈ V1, ψ ∈ V2,
respectively. If we consider the deﬁnitions of the bilinear forms above
and the fact that u ∈ X1, ϕ ∈ X2, d ∈ V2, then the expressions m1u ,
k1u , bu + lϕ + d+ , bu − lϕ + d+ , δ1u′  belong to
L20 T  V ∗1 , and the expressions m2ϕ , k2ϕ , bu+ lϕ+ d+ ,
bu − lϕ + d+ , δ2ϕ′  belong to L20 T  V ∗2 . Moreover, these
expressions belong to ∗0 T  V ∗1 , ∗0 T  V ∗2  as well.
Deﬁnition 3.1. Let u0 ∈ V1, u1 ∈ W1, ϕ0 ∈ V2, ϕ1 ∈ W2, d ∈ V2, and F1,
F2 satisfy (3.6). Then u ∈ X1, ϕ ∈ X2 are a solution to the problem  if
the equalities
m1u′ ′ + k1u  + δ1u′ 
+ bu+ lϕ+ d+  + bu− lϕ+ d+  = F1ϕ 
m2ϕ′ ′ + k2ϕ  + δ2ϕ′ 
+ lbu+ lϕ+ d+  − lbu− lϕ+ d+  = F2ϕ 
(3.7)
hold in ∗0 T  V ∗1 , ∗0 T  V ∗2 , where the symbols m1u′ ′,
m2ϕ′ ′ are distributional derivatives ofm1u′ ,m2ϕ′  in∗0 T ,
V ∗1 , ∗0 T  V ∗2 . Moreover, the initial conditions
u0=u0 u′0 = u1
ϕ0=ϕ1 ϕ′0 = ϕ1
(3.8)
are fulﬁlled.
Let us notice that the expressions (3.8) in this deﬁnition are correct. The
functions u, ϕ belong to X1, X2, which, by virtue of Lemma 3.1, yields
that u ∈ C0 T W1, ϕ ∈ C0 T W2. If we consider the embed-
dings (3.4) and the equalities (3.7), we can see that u′′ ∈ L20 0 V ∗1 ,
u′′ ∈ L20 T  V ∗2 , where the symbol ′′ stands for the second distributional
derivative, which, by virtue of Lemma 3.1, yields that u′ ∈ C0 T  V ∗1 ,
ϕ′ ∈ C0 T  V ∗2 . Let us notice that the conditions (3.8) correspond to
the initial conditions in (2.2), while the boundary conditions in (2.2) are
contained in the deﬁnitions of V1, V2.
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4. EXISTENCE OF THE SOLUTION OF THE PROBLEM 
The proof of the existence will be based on the Galerkin method
described, for instance, in [5, 11]. All functional spaces that we have dealt
with are separable, which is essential for this method. Before we formulate
and prove the basic result of this section, let us start with two auxiliary
lemmas.
Lemma 4.1. Let fn ∈ L20 T X, where X is a separable Hilbert space
and fn weakly converge to f0 in L20 T X. Moreover, there exist C > 0
such that fntX ≤ C for any n t ∈ 0 t. Then f0tX ≤ C for any
t ∈ 0 T .
Proof. Let xn ∈ X, xn > C be a dense subset in 	x ∈ X X > C
.
Let us set
B0 =
{
t ∈ 0 T f0tX > C
}

Bj =
{
t ∈ 0 T 
∣∣∣f0t − xjX ≤ xjX − C2
}

This yields B0 = ∪∞n=1Bn. Due to the separability of X the sets Bn are
measurable (see [16]), which means that there exists j such that µBj = 0.
If χjs is the characteristic function of Bj , then by virtue of the weak
convergence of fn the inequality∫ T
0
f0s xjXχjsds ≤ C · µBjxjX
holds. On the other hand, the deﬁnition of Bj yields
∫ T
0
f0s xjXχjsdx =
∫
Bj
f0s − xj xjX + xj2Xds
≥
∫
Bj
xj2X − f0s − xjXxjXds
≥
∫
Bj
xjX
(
xjX −
xjX − C
2
)
ds
= µBjxjX
C + xjX
2

If we compare these inequalities, we have C ≤ C + xjX/2, which con-
tradicts xjX > C.
Lemma 4.2 (Arzela`–Ascoli). Let X be a Banach space.
1. Let the sequence fn ∈ C0 T X be equicontinuous.
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2. Let the set 	fnt  n = 1   
 be relatively compact in X for any
t ∈ 0 T .
Then there exists a convergent subsequence of fn in C0 T X.
The proof of this lemma is in [7].
Theorem 4.1. If the assumptions of Deﬁnition 3.1 are fulﬁlled, then there
exists a solution to .
Proof. The proof is divided into four steps:
1. We construct a sequence of approximate solutions based on the
Galerkin method.
2. We establish a priori estimates which guarantee the existence of
approximate solutions on 0 T .
3. We select a subsequence which converges to a solution to .
4. We prove the initial conditions (3.8).
Step 1. Let v1, ψi be sequences of linearly independent elements of
V1, V2, and let the linear spans of these sequences be dense in V1, V2. Then
the spans of these sequences are dense in W1, W2 as well.
For any m let us consider the expressions
umt =
m∑
i=1
fimtvi
ϕmt =
n∑
i=1
gimtψi
where fim, gim are solutions to the system of ordinary differential equations
m1u′′mt vi + k1umt vi + δ1u′mt vi
+ bumt + lϕmt + d+ vi
+ bumt − lϕmt + d+ vi = F1ϕmt vi
m2ϕ′′mt ψi + k2ϕmt ψi + δ2ϕ′mt ψi
+ lbumt + lϕmt + d+ ψi
− lbumt − lϕmt + d+ ψi = F2ϕmt ψi
(4.1)
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i = 1    m. Moreover, fim, gim satisfy the initial conditions
vm0 =
m∑
i=1
fim0vi vm0 → v0 in V1
vm1 =
m∑
i=1
f ′im0vi vm1 → v1 in W1
ϕm0 =
m∑
i=1
gim0ψi ϕm0 → ϕ0 in V2
ϕm1 =
m∑
i=1
g′im0ψi ϕm1 → ϕ0 in W2
(4.2)
If we consider the deﬁnition of m1  , m2 , k1 , k2  , δ1  ,
δ2  and apply the Lebesgue dominant convergence theorem, we can say
that the functions m1
∑m
i=1 yivi vj, m2
∑m
i=1 yiψi ψj, k1
∑m
i=1 yivi vj,
k2
∑m
i=1 yiψi ψj, δ1
∑m
i=1 yivi vj, δ2
∑m
i=1 yiψi ψj deﬁned on Rm as well
as the functions b∑mi=1 yivi ± l∑mk=1 zkψi + d+ hj deﬁned on R2m are
continuous, where hj are equal to vi or ψj and i = 1    m, j = 1    m,
k = 1    m. If we consider (3.6) and the Lebesgue dominant convergence
theorem, we can see that the functions
(
F1
( m∑
i=1
yiψi x t
)
 vj
)

(
F2
( m∑
i=1
yiψi x t
)
 ψj
)
deﬁned on Rm × 0 T  are continuous on Rm and measurable on 0 T ,
and, moreover, the absolute values of these functions are bounded by a
function gt ∈ L20 t. This means we can apply the Carathe´odory the-
ory of ordinary differential equations which guarantees the existence of a
local solution to the system (4.1).
Step 2. If we multiply (4.1) by f ′jmt, g′jmt and sum these expres-
sions, we have
m1u′′mt u′mt +m2ϕ′′mt ϕ′mt
+k1umt u′mt + k2ϕmt ϕ′mt
+ δ1u′mt u′mt + δ2ϕ′mt ϕ′mt
+ bumt + lϕmt + d+ u′mt + lϕ′mt
+ bumt − lϕmt + d+ u′mt − lϕ′mt
= F1ϕmt u′mt + F2ϕmt ϕ′mt(4.3)
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The expression (4.3), together with the fact that x+2 is continuously dif-
ferentiable and d
dx
x+2 = 2x+, yields
1
2
d
ds
	m1u′mt u′mt +m2ϕ′mt ϕ′mt
+k1umt umt + k2ϕmt ϕmt
+ bumt + lϕmt + d+ umt + lϕmt + d+
+ bumt − lϕmt + d+ umt − lϕmt + d+

+ δ1u′mt u′mt + δ2ϕ′mt ϕ′t
= F1ϕmt u′mt + F2ϕmt ϕ′mt(4.4)
which results in the equality
m1u′mt u′mt +m2ϕ′mt ϕ′mt
+k1umt umt + k2ϕmt ϕmt
+ bumt + lϕmt + d+ umt + lϕmt + d+
+ bumt − lϕmt + d+ umt − lϕmt + d+
+ δ1u′mt u′mt + δ2ϕ′mt ϕ′mt
= m1u′m0 u′m0 +m2ϕ′m0 ϕ′m0
+k1um0 um0 + k2ϕm0 ϕm0
+ bum0 + lϕm0 + d+ um0 + lϕm0 + d+
+ bum0 − lϕm0 + d+ um0 − lϕm0 + d+
+ 2
∫ t
0
F1ϕms u′msds + 2
∫ t
0
F2ϕms ϕ′msds(4.5)
Equations (4.2) and (4.5) and inequality (3.3) yield the inequality
u′m2W1 + ϕ′mtW2 + um2V1 + ϕmt2V2
≤ C + C
∫ t
0
	u′mt2W1 + ϕ′mt2W2
ds(4.6)
where C is a positive constant common for all m. Gronwall’s inequality
and (4.6) guarantee that the local solutions from Step 1 exist on the whole
interval 0 T , and these solutions satisfy the following estimates:
∃C > 0 ∀m ∈ N ∀ t ∈ 0 T  u′mtW1 < C
ϕ′mtW2 < C umtV1 < C ϕmtV2 < C
(4.7)
oscillations in cable-stayed bridges 113
Step 3. The estimates (4.7) yield that the sequences umt, u′mt,
ϕmt, ϕ′mt are bounded in L20 T  V1, L20 T W1, L20 T  V2,
L20 T W2. These Hilbert spaces are reﬂexive, which means that there
exist subsequences ult, u′lt, ϕlt, ϕ′lt weakly converging to ut, vt,
ϕt, ψt. The weak convergence of these subsequences yields that the
distributional derivatives of ut, ϕt in L20 T W1, L20 T W2
exist and are equal to vt, ψt. Moreover, from the deﬁnition of the
distributional derivative it follows that uj , ϕj weakly converge to u, ϕ in
H10 L × 0 T . By virtue of the Sobolev–Kondrashoff theorem (see
[13]) the traces of uj , ϕj on
Ij = 	x t ∈ 0 L × 0 T  x = xj
 j = 1     8
where xj are the points in the deﬁnition b   converge in L2Ij, j =
1     8, to the traces of u, ϕ. If we consider the above-mentioned fact,
we have
lim
j→∞
∫ T
0
m1u′jtvθ′tdt =
∫ T
0
m1u′tvθ′tdt
lim
j→∞
∫ T
0
m2ϕ′jtψθ′tdt =
∫ T
0
m2ϕ′tψθ′tdt
lim
j→∞
∫ T
0
k1ujtvθtdt =
∫ T
0
k1utvθtdt
lim
j→∞
∫ T
0
k2ϕjtψθtdt =
∫ T
0
k2ϕtψθtdt
lim
j→∞
∫ T
0
δ1u′jtvθtdt =
∫ T
0
δ1u′tvθtdt
lim
j→∞
∫ T
0
δ2ϕ′jtψθtdt =
∫ T
0
δ2ϕ′tψθtdt
lim
j→∞
∫ T
0
bult∓lϕlt+d+vθtdt =
∫ T
0
but∓lϕt
+d+vθtdt
lim
j→∞
∫ T
0
bult∓lϕlt+d+ψθtdt =
∫ T
0
but∓lϕt
+d+ψθtdt
(4.8)
where v, ψ, θ are arbitrary functions from V1, V2, 0 T . If we consider
that ul, ϕl converge to u, ϕ in L20 T  × 0 L, which follows from
the Ehrling compactness theorem (see [7]), then by virtue of the Lebesgue
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dominant convergence theorem we have
lim
j→∞
∫ T
0
F1ϕjt vθtdt=
∫ T
0
F1ϕt vθtdt
lim
j→∞
∫ T
0
F2ϕjt ψθtdt=
∫ T
0
F2ϕt ψ θtdt
(4.9)
where v, ψ, θ are arbitrary.
If we consider (4.7), (4.8), (4.9), Lemma 4.1, and the fact that the linear
spans of vj , ψj form dense subsets in V1, V2, then the equations of (3.7)
hold.
Step 4. From the results above it follows that u ∈ L20 T W1, ϕ ∈
L20 T W2, u′ ∈ L20 T W1, ϕ′ ∈ L20 T W2. Then by virtue of
Lemma 3.1, u, ϕ belong to C0 T W1, C0 T W2. Moreover, u′,
ϕ′ belong to L20 T  V ∗1 , L20 T  V ∗2  in the sense of the imbed-
dings (3.4), and the functions u, ϕ fulﬁl the equations (3.7), so u′′, ϕ′′
belong to L20 T  V ∗1 , L20 T  V ∗2  as well. From this it follows that
u′, ϕ′ belong to C0 T  V ∗1 , C0 T  V ∗2 . From the proof above we see
that ul, ϕl, u
′
l, ϕ
′
l belong to C0 T W1, C0 T W2, C0 T  V ∗1 ,
C0 T  V ∗2  and satisfy the initial conditions (4.2), which means, accord-
ing to imbeddings (3.4), that the subsequences ul, ϕl, u
′
l, ϕ
′
l converge to u0,
ϕ0, u1, ϕ1 in W1, W2, V
∗
1 , V
∗
2 .
If we prove that the subsequences ul, ϕl, u
′
l, ϕ
′
l converge to u, ϕ, u
′, ϕ′
in the corresponding spaces of continuous functions, then we establish the
initial conditions (3.8).
Let u ∈ L20 T X and u′ ∈ L20 T X, where X is a Banach
space; then by virtue of Lemma 3.1 we have
ut2 − ut1X ≤
∫ t2
t1
u′sX ds ≤ t2 − t1
1
2 u′L20 T X(4.10)
The inequality (4.10) yields that ul, ϕl, u
′
l, ϕ
′
l are equicontinuous in
C0 T W1, C0 T W2, C0 T  V ∗1 , C0 T  V ∗2  because the
sequences u′l, ϕ
′
l, u
′′
l , ϕ
′′
l are bounded in L
20 T W1, L20 T W2,
L20 T  V ∗1 , L20 T  V ∗2 . Let us mention that the imbeddings
V1 ⊂ W1, V2 ⊂ W2 are compact operators and let the sets 	ult
, 	ϕlt

be bounded in V1, V2 for any t ∈ 0 T ; then Lemma 4.2 guarantees the
convergence of ul, ϕl to uϕ in the spaces C0 T W1, C0 T W2. If
P1 V1 → W1, P2 V2 → W2 denote the imbeddings V1 ⊂ W1, V2 ⊂ W2, then
the adjoint operators P∗1  V ∗1 → W ∗1 , P∗2  V ∗2 → W ∗2 are compact too. More-
over, the embeddings W1 ⊂ V ∗1 , W2 ⊂ W ∗2 in (3.4) can be written as P∗1 ◦ J1,
P∗2 ◦ J2, where J1 W1 → W ∗1 , J2 W2 → W ∗2 are the Riesz mappings which
correspond to the scalar products m1 , m2 , which means that those
embeddings are compact. From the estimates (4.7) it follows that 	u′lt
,
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	ϕ′lt
 are bounded in W1, W2 for any t ∈ 0 T . Then Lemma 4.2 guar-
antees the convergence of u′l, ϕ
′
l to u
′, ϕ′ in the spaces C0 T  V ∗1 ,
C0 T  V ∗2 , which ﬁnishes the proof.
5. A TIME-INDEPENDENT PROBLEM: EXISTENCE,
UNIQUENESS, CONTINUOUS DEPENDENCE ON DATA
In this section we are going to deal with a time-independent problem. We
will prove the existence, uniqueness, and continuous dependence on data.
Deﬁnition 5.1. Let F1 F2 ∈ L20 L, d ∈ V2; then u ∈ V1, ϕ ∈ V2
are a solution to the problem  if uϕ are a minimum of the functional
φuϕ = 12k1u u + 12k2ϕϕ
+ 12bu+ lϕ+ d+ u+ lϕ+ d+
+ 12bu− lϕ+ d+ u− lϕ+ d+
− F1 u − F2 ϕ(5.1)
on V1 × V2.
The functions F1, F2 represent the gravitation acting on the center span.
These forces are produced by both the weight of the center span and the
weight of some loads replaced along the center span. The formulation
above is equivalent to the variational equalities
k1u v + bu+ lϕ+ d+ v + bu− lϕ+ d+ v= F1 v
k2ϕψ + lbu+ lϕ+ d+ ψ − lbu− lϕ+ d+ ψ=xF2 ψ
(5.2)
which hold for all v ∈ V1, ψ ∈ V2.
Theorem 5.1. If the assumptions of Deﬁnition 5.1 are fulﬁlled, then there
exist uϕ which are a solution to , and this solution is unique.
Proof. The deﬁnition of φ shows that this functional is convex and dif-
ferentiable, so it is weakly lower semi-continuous (see [5]). If we apply the
estimates (3.3), we have the inequality
C1u2V1 + ϕ2V2 − C2uV1 + ϕV2 ≤ φuϕ(5.3)
where C1, C2 are positive constants independent of u, ϕ. If uV1 ,ϕV2 →∞, then (5.3) yields that φuϕ → ∞, which means that φ is
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coercive. The properties of φ above guarantee the existence of a solution
to  (see [5]). Let u˜, ˜˜u, ϕ˜, ˜˜ϕ be two different solutions to ; then
k1u˜ u˜− ˜˜u + bu˜+ lϕ˜+ d+ u˜− ˜˜u
+ bu˜− lϕ˜+ d+ u˜− ˜˜u = F1 u˜− ˜˜u
k1 ˜˜u u˜− ˜˜u + b ˜˜u+ l ˜˜ϕ+ d+ u˜− ˜˜u
+ b ˜˜u− l ˜˜ϕ+ d+ u˜− ˜˜u = F1 u˜− u˜
k2ϕ˜ ϕ˜− ˜˜ϕ + lbu˜+ lϕ˜+ d+ ϕ˜− ˜˜ϕ
− lbu˜− lϕ˜+ d+ ϕ˜− ˜˜ϕ = F2 ϕ˜− ˜˜ϕ
k2 ˜˜ϕ ϕ˜− ˜˜ϕ + lb ˜˜u+ l ˜˜ϕ+ d+ u˜− ˜˜u
− lb ˜˜u− l ˜˜ϕ+ d+ ϕ˜− ˜˜ϕ = F2 ϕ˜− ˜˜ϕ
After simple operations we have
k1u˜− ˜˜u u˜− ˜˜u + k2ϕ˜− ˜˜ϕ ϕ˜− ˜˜ϕ
+ bu˜+ lϕ˜+ d+ −  ˜˜u− l ˜˜ϕ+ d+ u˜− ˜˜u+ lϕ˜− ˜˜ϕ
+ bu˜− lϕ˜+ d+ −  ˜˜u− l ˜˜ϕ+ d+ u˜− ˜˜u− lϕ˜− ˜˜ϕ = 0
The last expression (3.3) and the fact that ba+ − b+ a − b ≥ 0 for any
a, b yield the uniqueness of .
Let us consider ki ∈ 0∞, xi ∈ 0 L i = 1     8,
KV x ∈ L∞0 L KV x ≥ ε > 0
KT x ∈ L∞0 L KT x ≥ ε > 0
F1 F2 ∈ L20 L
where KV , KT are the functions in the deﬁnitions of k1 , k2  and
xi ki, i = 1     8, are the terms in the deﬁnition of b . Then by virtue
of Theorem 5.1 we can deﬁne the transformation
Pk1     k8 x1     x8KV KT  F1 F2
deﬁned on !0∞"8 × !0 L"8 × !L∞0 L"2 × !L20 L"2 with the
range V1 × V2. This transformation assigns the solution u, ϕ of  to the
data above.
Theorem 5.2. The transformation P is continuous.
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Proof. Let
xij →x0j  kij → k0j in R j = 1     8
KiV →K0V  KiT → K0T in L∞0 L
Fi1→F01  Fi2 → F02 in L20 L
(5.4)
If !ui ϕi" = Pk1     k8 x1     x8KV KT  F1 F2, then
ki1uiui+ki2ϕiϕi
+ biui+lϕi+d+ui+lϕi+d
+biui−lϕi+d+ui−lϕi+d
=biui+lϕi+d++ui−lϕi+d+d+Fi1ui+Fi2ϕi(5.5)
where ki1  ki2  bi  correspond to KiV KiT  kij xij j = 1     8. If
we consider (3.3), then (5.5) yields the inequality
ui2V1 + ϕi2V1 ≤ C1 + C2uiV1 + ϕiV2(5.6)
where C1, C2 are positive constants common for all i. From (5.6) it follows
that there exists a constant C such that
uiV1 ≤ C ϕiV2 ≤ C(5.7)
which yields that there exist subsequences umϕm that weakly converge to
u0, ϕ0 in V1 V2. If we consider that V1 V2 ⊂ H10 L ⊂ C
1
2 0 L then
by virtue of the Arcela`–Ascoli theorem the subsequences umϕm strongly
converge to u0, ϕ0 in C0 L. If we consider that umϕm are solutions
to the sequence of problems mentioned above, we have
k01umv+b0um+lϕm+d+v+b0um−lϕm+d+v
=k01umv−km1 umv+Fm1 −F01 v
+b0um+lϕm+d+v−bmum+lϕm+d+v
+b0um−lϕm+d+v−bmum−lϕm+d+v+F1v
k02ϕmψ+lb0um+lϕm+d+ψ−lb0um−lϕm+d+ψ
=k02ϕmψ−km2 ϕmψ+Fm2 −F02 ψ
+lb0um+lϕm+d+ψ−lbmum+lϕm+d+ψ
−lb0um−lϕm+d+ψ+lbmum−lϕm+d+ψ+F2ψ
(5.8)
where v ∈ V1, ψ ∈ V2. (5.4) and (5.7) yield
k01um v − km1 um v→ 0
k02ϕmψ − km2 ϕmψ→ 0
(5.9)
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From the convergence of umϕm in C0 L and (5.4) it follows that
b0um ± lϕm + d+ v/ψ − bmum ± lϕm + d+ v/ψ → 0(5.10)
The weak convergence of um, ϕm to u0, ϕ0, (5.9), and (5.10) yield
k0u0 v + b0u0 + lϕ0 + d+ v
+B0u0 − lϕ0 + d+ v = F01  v
k0ϕ0 ψ + lb0u0 + lϕ0 + d+ ψ
− lb0u0 + lϕ0 + d+ ψ = F02  ψ
(5.11)
which means that u0, ϕ0 are a solution to . Then we can write
k01u0 − um u0 − um=km1 um u0 − um − k01um u0 − um
− b0u0 + lϕ0 + d+ u0 − um
+ bmum + lϕm + d+ u0 − um
− b0u0 − lϕ0 + d+ u0 − um
+ bmum + lϕm + d+ u0 − um
+ F01 − Fm1  u0 − um
k02ϕ0 − ϕmϕ0 − ϕm=km2 ϕmϕ0 − ϕm − k02ϕmϕ0 − ϕm
− lb0u0 + lϕ0 + d+ ϕ0 − ϕm
+ lbmum + lϕm + d+ ϕ0 − ϕm
+ lb0u0 + lϕ0 + d+ ϕ0 − ϕm
− lbmum − lϕm + d+ ϕ0 − ϕm
+ F02 − Fm2  ϕ0 − ϕm
(5.12)
Due to the strong convergence of Fm1 , F
m
2 to F
0
1 , F
0
2 in L
20 L, and the
strong convergence of umϕm to uϕ in C0 L, (5.4), and (5.7), the
right-hand sides of (5.12) converge to zero. Then the estimates (3.3) yield
the strong convergence of umϕm to uϕ in V1 V2. If we consider that
u0, ϕ0 are the unique solution to , the whole sequences ui ϕi converges
to u0, ϕ0, which gives the desired result.
6. HOMOGENIZATION OF CABLE SYSTEMS:
b− h CONVERGENCE
The center span in our model depicted in Fig. 2 is suspended by 16 cables,
but it is obvious that the theory above works for any number of cables. Real
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constructions are suspended by much larger numbers of cables. The main
goal of this chapter is to replace the cables with a continuous medium
which asymptotically describes the behavior of these cables. Let us deﬁne
the bilinear form
hu v =
∫ L
0
guv dx
where g ∈ L∞0 L.
Deﬁnition 6.1. Let ni be an increasing sequence of natural numbers,
	xij
nij=1, 	kij
nij=1 that satisfy 0 ≤ xi1 ≤ xi2 · · · ≤ xini ≤ L, kij ≥ 0 for any i =
1 2     and let g ∈ L∞0 L satisfy gx ≥ 0. Then 	xij
nij=1 	kij
nij=1×
b− h converge to g if the expression
lim
i→∞
ni∑
j=1
kijf xij =
∫ L
0
gf dx
holds for all f ∈ C0 L. Moreover, let biu v denote the bilinear forms∑ni
j=1 k
i
juxijvxij.
This deﬁnition describes the process in which one cable system is gradu-
ally being replaced by another cable system with a larger number of thinner
cables.
Deﬁnition 6.2. Let F1 F2 ∈ L20 L, d ∈ V2; then u1 ∈ V1, ϕ ∈ V2
are a solution to the problem  if the equalities
k1u v + hu+ lϕ+ d+ v + hu− lϕ+ d+ v = F1 v
k2ϕψ + lhu+ lϕ+ d+ ψ − lhu− lϕ+ d+ ψ = F2 ψ
hold for any v ∈ V1, ψ ∈ V2.
Let us notice that this problem is uniquely solvable. The proof of this
assertion is parallel to the proof of Theorem 5.1.
Theorem 6.1. Let 	xij
nij=1 	kij
nij=1 b − h converge to g ∈ L∞0 L;
ui ϕi are solutions to the sequence of the problems  with the bilinear forms
bi  corresponding to 	xij
nij=1 	kij
nij=1. Then
ui → u0 in V1
ϕi → ϕ0 in V2
where u0 ϕ0 are a solution to  with the bilinear form h  corresponding
to g.
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Proof. The deﬁnition of b − h convergence and the uniform bounded-
ness theorem for functionals on C0 L yield
 biu v ≤ CuC0 LvC0 L(6.1)
where C is a positive constant independent of i u v.
If ui ϕi are solutions to the above-mentioned sequence of problems, then
we have
Cui 2V1 +ϕi2V2 ≤ k1ui ui + k2ϕi ϕi
+ biui + lϕi + d+ ui + lϕi + d
+ biui − lϕi + d+ ui − lϕi + d
= biui + lϕi + d+ d + biui − lϕi + d+ d
+ F1 ui + F2ϕi(6.2)
where C is independent of i.
If we consider that V1 V2 are continuously imbedded in C0 L, then
the estimate (6.1) yields the inequality
biui + lϕi + d+ d + biui − lϕi + d+ d + F1 ui + F2ϕi
≤ C1 + C2 ui V1 +  ϕi V2
(6.3)
where C1 C2 are independent of i. The inequalities (6.2), (6.3) yield that
there exists a constant C such that
 ui V1≤ C  ϕi V2≤ C(6.4)
where C is independent of i. From (6.4) it follows that there exist subse-
quences uj ϕj of the sequences ui ϕi which weakly converge to u0, ϕ0 in
V1 V2. If we consider that V1 V2 ⊂ H10 L and H10 L can be con-
tinuously imbedded in C
1
2 0 L (see [7]), then by virtue of the Arcela`–
Ascoli theorem we can assert that uj ϕj converge to u0, ϕ0 in C0 L.
Moreover, uj ϕj satisfy the equations
k1uj v + huj + lϕj + d+ v + huj − lϕj + d+ v
= huj + lϕj + d+ v + huj − lϕj + d+ v
− bjuj + lϕj + d v − bjuj − lϕj + d v + F1 v
k2ϕjψ + lhuj + lϕ+ d+ ψ − lhuj − lϕ+ d+ ψ
= lhuj + lϕj + d+ ψ − lhuj − lϕj + d+ ψ
− lbjuj + lϕj + d+ ψ
+ lbjuj − lϕj + d+ ψ + F2 ψ
(6.5)
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where v, ψ are arbitrary elements from V1, V2. If we consider that uj →
u0, ϕj → ϕ0 in C0 L, the estimate (6.1), and the b − h convergence,
we have
huj ∓ lϕj + d+ v/ψ − hu0 ∓ lϕ0 + d+ v/ψ → 0
hu0 ∓ lϕ0 + d+ v/ψ − bju0 ∓ lϕ0 + d+ v/ψ → 0
bju0 ∓ lϕ0 + d+ v/ψ − bjuj ∓ lϕj + d+ v/ψ → 0
if j →∞, which yields
huj ∓ lϕj + d+ v/ψ − bjuj ∓ lϕj + d+ v/ψ → 0(6.6)
if j → ∞. From (6.5), (6.6), and the weak convergence of uj ϕj to u0, ϕ0
in V1 V2 it follows that u0, ϕ0 are a solution to . This fact yields that there
exists C such that the inequalities
C  uj − u0 2V1 ≤k1uj − u0 uj − u0
= hu0 + lϕ0 + d+ + u0 − lϕ0 + d+ uj − u0
− bjuj + lϕj + d+
+ uj − lϕj + d+ uj − u0 + F1 uj − u0
C  ϕj − ϕ0 2V2 ≤k2ϕj − u0 ϕj − ϕ0
= lhu0 + lϕ0 + d+ − u0 − lϕ0 + d+ ϕj − ϕ0
− lbjuj + lϕj + d+
− uj − lϕj + d+ ϕj − ϕ0 + F2 ϕj − ϕ0
(6.7)
hold. If we consider (6.1); the weak convergence of uj ϕj to u0, ϕ0 in
V1 V2; and the strong convergence of uj ϕj to u0, ϕ0 in C0 L, then
from (3.3) and (6.6) it follows that there is strong convergence of uj ϕj
to u0, ϕ0 in V1 V2. Moreover, u0, ϕ0 are the unique solution to , which
means that the whole sequences ui ϕi converge to u0, ϕ0 in V1 V2.
7. APPROXIMATION OF  BY  h− b CONVERGENCE
In this chapter we deal with the problem of whether the bilinear form
b  can be approximated by the bilinear form h .
Deﬁnition 7.1. Let gi ∈ L∞0 L be a sequence of functions satis-
fying gix ≥ 0 and let 	xj
nj=1, 	kj
nj=1 be two ﬁnite sequences of numbers
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satisfying xj ∈ 0 L, kj > 0, j = 1    n. Then the sequence gi h− b con-
verges to 	xj
nj=1, 	kj
nj=1 if for any f ∈ C0 L the expression
lim
n→∞
∫ L
0
gif dx =
n∑
j=1
kjf xj
holds. Moreover, let hiu v denote the bilinear forms ∫ L0 giuv dx.
Theorem 7.1. Let gi ∈ L∞0 L h − b converge to 	xj
nj=1, 	kj
nj=1
and let ui ϕj be solutions to the sequence of the problems  with the bilinear
forms hi  corresponding to gi. Then
ui → u0 in V1
ϕi → ϕ0 in V2
where u0, ϕ0 are a solution to the problem  with the bilinear form b 
corresponding to 	xj
nj=1, 	kj
nj=1.
Proof. The proof is parallel to the proof of Theorem 6.1. We must only
replace bi  h  with hi  b .
8. EXISTENCE AND UNIQUENESS OF THE SOLUTION
OF THE PROBLEM 
In Section 4 we proved the existence of a solution to . In the previ-
ous two sections we established that the time-independent problems , 
approximate each other. In this section we formulate a new problem which
is connected with  and which is uniquely solvable.
Deﬁnition 8.1. Let u0 ∈ V1 u1 ∈ W1, ϕ0 ∈ V2, ϕ1 ∈ W2, d ∈ V2, and
F1, F2 deﬁned on R × 0 L × 0 T  satisfy the Caratheodory conditions
together with (3.6). Then u ∈ X1, ϕ ∈ X2 are a solution to  if the
equalities
m1u′ ′ + k1u  + δ1u′ 
+hu+ lϕ+ d+  + hu− lϕ+ d+  = F1ϕ 
m2ϕ′ ′ + k2ϕ  + δ2ϕ′ 
+ lhu+ lϕ+ d+  − lhu− lϕ+ d+  = F2ϕ 
(8.1)
hold in the sense of Deﬁnition 3.1, and the initial conditions
u0=u0 u′0 = u1 
ϕ0=ϕ0 ϕ′0 = ϕ1
(8.2)
are fulﬁlled.
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Theorem 8.1. Let the assumptions of Deﬁnition 8.1 be fulﬁlled. Moreover,
let F1, F2 deﬁned on R× 0 L × 0 T  satisfy the assumptions
 F1y1 x t − F1y2 x t  ≤C  y1 − y2 
 F2y1 x t − F2y2 x t  ≤C  y1 − y2 
(8.3)
for any y1, y2, x, t. The symbol C is a positive constant independent of x, y, t.
Then there exists a solution to  , and this solution is unique.
Proof. The existence of a solution can be proved in the same way as we
did in Theorem 4.1.
Uniqueness. Let u1, ϕ1, u2, ϕ2 be two different solutions to the prob-
lem  . If we consider the expressions
vt=u1t − u2t
wt s=−
∫ s
t
vzdz if t ≤ s
v¯t=
∫ t
0
vsds
ψt=ϕ1t − ϕ2t
ξt s=−
∫ s
t
ψzdz if t ≤ s
ψ¯t=
∫ t
0
ψsds
(8.4)
where t, s belong to 0 T , and if the symbols w′t s, ξ′t s denote
∂
∂t
wt s, ∂
∂t
ξt s, then we have
wt s= v¯s − v¯t if t ≤ s
w′t s= vt if t ≤ s
ξt s= ψ¯s − ψ¯t if t ≤ s
ξ′t s=ψt if t ≤ s
(8.5)
Since u1, ϕ1, u2, ϕ2 are solutions to  , the images of u1, ϕ1, u2, ϕ2 of
the imbeddings (3.5) have second distributional derivatives which belong
to L20 T  V ∗1 , L20 T  V ∗1 . If we consider v0 = v′0 = ψ0 =
ψ′0 = ws s = ξs s = 0, (8.4), and (8.5), then Lemma 3.1 gives the
relations ∫ s
0
v′′t wt s1 dt=−
∫
m1v′t vtdt
∫ s
0
ψ′′t ξt s2 dt=−
∫
m1ψ′t ψtdt
(8.6)
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where  1,  2 are the dualities between V1, V ∗1 and V2, V ∗2 given by
the imbeddings (3.4). Since u1, ϕ1, u2, ϕ2 are solutions, then from (8.6) it
follows that
−
∫ s
0
m1v′tvtdt+
∫ s
0
k1vtwtsdt−
∫ s
0
δ1vtvtdt
+
∫ s
0
hu1t+lϕ1t+d+−u2t+lϕ2t+d+wtsdt
+
∫ s
0
hu1t−lϕ1t+d+−u2t−lϕ2t+d+wtsdt
=
∫ s
0
F1ϕ1t−F1ϕ2twtsdt
−
∫ s
0
m2ψ′tψtdt+
∫ s
0
k2ψtξtsdt
−
∫ s
0
δ2ψtψtdt
+
∫ s
0
lhu1t+lϕ1t+d+−u2t+lϕ2t+d+ξtsdt
−
∫ s
0
lhu1t−lϕ1t+d+−u2t−lϕ2t+d+ξtsdt
=
∫ s
0
F2ϕ1t−F2ϕ2tξtsdt
(8.7)
If we consider the equalities (8.4) and (8.5), then after simple operations,
Lemma 3.1 gives the expressions
∫ s
0
m1v′t vtdt= 12m1vs vs ≥ C1  vs 2W1∫ s
0
m2ψ′t ψtdt= 12m2ψs ψs ≥ C1  ψs 2W2
−
∫ s
0
k1vt wt sdt= 12k1v¯s v¯s ≥ C1  v¯s 2V1
−
∫ s
0
k2ψt ξt sdt= 12k2ψ¯s ψ¯s ≥ C1  ψ¯s 2V2 
(8.8)
From the deﬁnition of δ1 , δ2  it is easy to see that the inequalities
 δ1vt vt ≤ C2  vt 2V1  δ2ϕt ϕt ≤ C2  ϕt 2V2(8.9)
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hold. If we consider the inequalities∫ L
0
 vx t  +  ψx t   wx t s  dx
≤ C3 vt 2W1 +  ψt 2W2 +  v¯t 2V1
+C4 vt W1 v¯s V1 +  ψt W2 v¯s V1∫ L
0
 vx t  +  ψx t   ξx t s  dx
≤ C3 vt 2W1 +  ψt 2W2 +  ψ¯t 2V2
+C4 vt W1 ψ¯s V2 +  ψt W2 ψ¯s V2
(8.10)
then the estimates
 hu1t ± lϕ1t + d+ − u2t ± lϕ2t + d+ wt s 
≤ C5 vt 2W1 +  ψt 2W2 +  v¯t 2V1
+C6 vt W1 v¯s V1 +  ψt W2 v¯s V1
 hu1t ± lϕ1t + d+ − u2t ± lϕ2t + d+ ξt s 
≤ C5 vt 2W1 +  ψt 2W2 +  ψ¯t 2V2
+C6 vt W1 ψ¯s V2 +  ψt W2 ψ¯s V2
(8.11)
hold. The assumptions (8.3) yield the inequalities
 F1ϕ1t − F1ϕ2t wt s 
≤ C7 ψt 2W2 +  v¯t 2V1 +  ψt W2 v¯s V1
 F2ϕ1t − F2ϕ2t ξt s 
≤ C7 ψt 2W2 +  ψ¯t 2V2 +  ψt W2 ψ¯s V2
(8.12)
If we sum the equations (8.7) and consider the estimates (8.8), (8.9), (8.11),
and (8.12), we have the inequality
 vs 2W1 +  ψs 2W2 +  v¯s 2V1 +  ψ¯s 2V2
≤ C8
∫ s
0
 vt 2W1 +  ψt 2W2 +  v¯t 2V1 +  ψ¯t 2V2dt
+C9
∫ s
0
 vt W1 +  ψt W2 v¯s V1 +  ψ¯s V2dt(8.13)
From the general inequality  a · b ≤ 12a2/ε2 + 12ε2b2 and (8.13) it follows
that
 vs 2W1 +  ψs 2W2 +  v¯s 2V1 +  ψ¯s 2V2
≤ C10
∫ s
0
 vt 2W1 +  ψt 2W2 +  v¯t 2V1 +  ψ¯t 2V2dt(8.14)
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All Ci, i = 1     10, in the estimates above are constant independent of v,
ψ, v¯, ψ¯. Then by virtue of Gronwall’s inequality, the estimate (8.14) yields
the desired result.
Let us mention that this technique cannot be applied for the problem 
because the estimates (8.11) do not work for the b .
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